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Large deformations of thin elastic plates usually lead to the
formation of singular structures which are either linear1–4
(ridges) or pointlike5–8 (developable cones). These structures are
thought to be generic for crumpled plates3,5, although they have
been investigated quantitatively only in simplified geome-
tries1–4,6–8. Previous studies9–11 have also shown that a large
number of singularities are generated by successive instabilities.
Here we study, experimentally and numerically, a generic situa-
tion in which a plate is initially bent in one direction into a
cylindrical arch, then deformed in the other direction by a load
applied at its centre. This induces the generation of pairs of
singularities; we study their position, their dynamics and the
corresponding resistance of the plate to deformation. We solve
numerically the equations describing large deformations of
plates; developable cones are predicted, in quantitative agreement
with the experiments. We use geometrical arguments to predict
the observed patterns, assuming that the energy of the plate is
given by the energy of the singularities.
In the absence of constraints, the two main curvatures k1 and k2 of
a plane plate are zero. It is easy to bend the plate, that is, to give it a
finite curvature in one direction so that it becomes cylindrical or
conical. The curvature and thus the bending energy are then
approximately evenly spread in the plate. It scales as Eb < Eh
3, E
being the Young’s modulus of the plate material and h its thickness.
However, once bent in one direction, it is difficult to bend the plate
also in the other direction because this will tend to create a finite
Gauss curvature (G ¼ k1k2) which can be only be acquired by
stretching. The stretching energy is Es < EhR
2, R being a typical
length of the plate. As Es=Eb < ðR=hÞ
2 is large at small thickness, the
deformation is pure bending almost everywhere and there is non-
zero gaussian curvature only at singularities where the energetically
expensive stretching is localized.
Here we study a plate initially curved in one direction (the x-
direction), being clamped at two of its extremities (Fig. 1). The
clamping provides two tunable parameters: the distance between
the clamped sides d; and the two equal angles (a) between the sheet
and the horizontal direction at x ¼ 6 d=2. The other two sides of
the plates, at y ¼ 6 L=2, are free. The plate is cylindrical (Fig. 1a).
The cylinder axis is in the y-direction. A conical tip then pushes
down the plate at its centre. The control parameter is the vertical
displacement, Z, of the centre. This problem can be considered as
the two-dimensional extension of the elastic arch investigated by
Pippard12,13. However, whereas the elastic arch has only bending
deformations, the plate here may have stretching deformations as
well.
Indeed, when the plate centre is displaced, two d-cones linked
by an inverted ridge appear (Fig. 1a, e). As the vertical displacement
of the centre Z is increased, the two d-cones move towards the
clamped boundaries. The plate is still invariant by the x and y mirror
symmetries. When the vertical displacement reaches about
Z ¼ 10 mm, a continuous transition occurs, breaking the two
mirror symmetries. Two new d-cones appear, so that the four d-
cones form a diamond which rotates about the centre (Fig. 1b, f).
This rotation is either to the right or to the left. The plate is now
invariant by the 0-symmetry ðx; yÞ → ð 2 x; 2 yÞ. At about
Z ¼ 11:5 mm a second continuous transition breaks all symmetries.
The 4 d-cones move so that at Z ¼ 12 mm they form a trapezoid
(Fig. 1c, g). The trapezoid’s larger edge is either to the left or to the
right. The mirror symmetry y → 2 y is recovered. The trapezoid
grows until two of its vertices reach the free sides of the sheet
(Z ¼ 13 mm). Then there is a discontinuous transition such that
the plate becomes cylindrical (Fig. 1d). Note that these patterns are
observed when the pushing tip is exactly at the centre of the plate
(with a tolerance of about 0.1 mm). Once the adjustment is made,
different realizations of the experiment (under the same conditions)
show the two possible states following each continuous transition.
The situation described here is the more general one: if the plate is
long enough, all regimes are observed. If the length of the plate is
decreased, first the trapezoid and then the diamond regime dis-
appear: the d-cones reach the free boundaries and the discontinuous
transition to a cylinder occurs earlier.
In elasticity theory, large deformation of plates are usually
described by the Fo¨ppl von Ka´rma´n equations (FvK)14. These
nonlinear equations are notoriously difficult, mainly because they
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Figure 1 Observed patterns with a Mylar sheet of thickness h ¼ 0:35 mm, Young’s
modulus E ¼ 3:8 3 109 N m 2 2 and Poisson ratio n ¼ 0:4. The aspect ratio is 2 (length
L ¼ 35 cm and width W ¼ 17:5 cm). a ¼ 208 and d ¼ 16:5 cm (see text for
definitions). The results depend only slightly on the dimensions of the sheet. a, Vertical
displacement of the centre Z ¼ 4 mm: two d-cones located at ðx ; y Þ ¼ ð 6 D; 0Þ.
b, Z ¼ 11:5 mm: four d-cones forming a diamond at large rotation angle (b,308). Two
ridges link the d-cones. c, Z ¼ 12:5 mm: 4 d-cones forming a trapezoid. d, Z ¼ 15 mm:
cylindrical shape. As Mylar has a large elastic limit there are no plastic (irreversible)
deformations during this evolution. The experiment can thus be reproduced with the same
sheet. e–g, Positions of the d-cones (black dots) in the a, b and c, respectively. The
schemes give the definition of D, b and v in the three regimes.
© 2000 Macmillan Magazines Ltd
involve high-order derivatives and two types of deformations
(stretching and bending) with energies of different orders of
magnitude. A successful numerical procedure to overcome these
difficulties has been proposed15. The plate is represented by finite
elements and its energy is minimized. To obtain numerical con-
vergence, the variables are changed by diagonalization of the energy
hessian (re-conditioning) two or three times during the procedure.
Here, we compare experimental results and numerical solutions
of the FvK equations. In Fig. 2, we show two numerical solutions
and their energy as Z increases. Stretching is confined to the centre
of the plate and to the d-cone tips. Bending dominates elsewhere.
The pushing tip gives a spherical shape locally (non-zero Gauss
curvature) to the plate so that there is stretching at the centre.
The experimental and the theoretical force versus displacement
curve are represented in Fig. 3. The slope in zone II is larger than in
zone I. This is explained by the numerics: some bending energy is
localized near the boundaries. The agreement between numerics
and experiment is good until zone III. So, we first concentrate on
regimes I and II.
The contributions of the singularities dominate the energy of the
plate. The energy of a ridge4 and the energy of a d-cone5–8 are given
respectively by
Er ¼ FrkðR=hÞ
1=3f7=3 ð1Þ
Ed ¼ FdklnðR=RcÞf
2
ð2Þ
Here k ¼ Eh3=12ð1 2 n2Þ is the bending modulus, R the size of the
singularity, f its strength (the complement of the angle between the
two sides of the ridge and the complement of the tip angle of the
cone), Rc ¼ ðk=EhÞ
1=6R2=3f2 1=3 is the radius of the core of the d-cone,
Fr < 1 and Fd < 100 are shape factors. Under our conditions, where
h=R < 10 2 3 and f < 0:1, the energy of the ridges is negligible. As a
consequence, the energy of the plate will be given by the energy of
the d-cones.
Now we show that singularities are formed as soon as Z < h. We
estimate the transition from the linear regime (the regime where the
linearization of the FvK equations holds14) to the regime in which
two d-cones appear. If S ¼ r2 is the area of the deformed zone, the
strain and the curvature are given by s < Z2=r2 and c < Z=r2. So the
stretching and the bending energy scale as Es < Ehs
2S < EhZ4=r2
and Eb < Eh
3c2S < Eh3c2S < Eh3Z2=r2 respectively. The comparison
between these two expressions shows that the linear regime is only
valid when Z2 , h2. The regime without singularities should corre-
spond to the small region Z < 0:35 mm in Fig. 3.
In the two-d-cones regime, the central zone of the plate is
diamond-shaped with two d-cones at the vertices where y ¼ 0.
The angular opening (Fig. 1e) of each d-cone (the angular opening
of the inverted curvature zone) is always in the range
2v ¼ 100–1208, the same as for a single d-cone7,8. To find the
positions of the d-cones, we use the following geometrical argu-
ment. Consider a section of the undeformed plate by the plane
y ¼ 0. Approximate it by its osculating parabola z ¼ kx2. When the
centre is pushed, the arc x [ ð 2 D þ ∆; D 2 ∆Þ of the parabola is
transformed into the ridge of length 2D linking the two d-cones.
The equality of the arc length and the ridge length yields
∆ < 2=3k3D3, so that
kD <

kZ
p
ð1 þ 2=3kZÞ ð3Þ
Here Z is the imposed vertical displacement. This equation is
checked experimentally and numerically in Fig. 4, so that the
geometrical description holds. In the x-section, the angle between
the generatrices of a d-cone is w < 2kD. Now we must find the size R
of the d-cone. Near its tip, the curvature due to the d-cone w/r is
large (r is the distance to the tip). Far from the tip, the initial
curvature of the plate 2k dominates. R is given by the matching
w=R < 2k. Here the geometry gives all the characteristics of the d-
cones; we only need to compute the energy from equation (2). If we
use the solution found for the single d-cone6–8, f ¼ w=m, m ¼ 4:8
and Fd ¼ 67. The solid line of Fig. 3 represents the force F ¼ dEd=dZ
calculated to the lowest order in kZ (k ¼ 5:7 m 2 1). This description
is only valid while the radius R of the d-cone is smaller than its
distance to the boundary. This condition D þ R ¼ W =2 gives
Zc ¼ 10:9 mm.
The rotation of the d-cones, leading to the diamond regime, can
now be explained by a simple geometric argument. Consider the
two d-cones with aperture angle 2v and a section of the plate by the
plane y ¼ tanbx (Fig. 1g). When Z ¼ 0, this section is approxi-
mated by z ¼ k cos2bs2, where s is the coordinate along the section.
The geometrical results obtained for the 2 d-cones regime (equation
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Figure 2 Two numerical situations with a ¼ 208 and d ¼ 16:5 cm. Left, Z ¼ 5 mm;
right, Z ¼ 12 mm. The procedure is a finite-element minimization of the plate energy,
using reconditioning to obtain convergence. 471 minimization variables were used. Top,
numerical configurations of the plate. Middle, energy density. A maximum at the centre (at
the pushing tip) between two lateral maxima corresponding to two d-cones. For
Z ¼ 12 mm, some energy is localized at the clamped boundaries ðx ; y Þ ¼ ð 6 d =2; 0Þ.
Bottom, contour lines of stretching energy (solid lines) and bending energy (dashed lines).
The bending energy dominates except on very confined regions at the centre of the plate
and the tips of the d-cones.
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Figure 3 Force F versus displacement of the centre Z with a ¼ 208 and d ¼ 16:5 cm.
Force is measured with a piezoelectric cell allowing 10−2 N precision. Open diamonds,
experimental result; filled diamonds, the numerics. The black arrow shows the numerical
transition to regime IV. Solid line, theoretical prediction from equations (2) and (3),
F ¼ 0:65 lnð10:3Z Þ. Regime I, two d-cones are observed. Regime II, almost linear, with
a larger slope than in I. Regime III, the numerics overestimate the energy. Regime IV,
cylindrical situation with no singularities.
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(3)) hold when k is replaced by k cos2b as is checked in Fig. 4. To
lowest order in kZ, the d-cone radius is R < D < cosb

Z=k
p
. If the
interaction between the d-cone and the clamped boundary is
strong, the d-cone is constrained to move to a new position
b Þ 0, in which the periphery of the d-cone (a circle of radius R)
exactly touches the boundary of the plate, D cosb þ R ¼ W =2. For Z
near to Zc, this condition leads to
b < 6 4

2=3
p
=kW

kðZ 2 ZcÞ
p
ð4Þ
Here 4

2=3
p
=kW ¼ 3:3 and Zc ¼ 10:9 mm compare well with the
experimental b ¼ 3:1

kðZ 2 ZcÞ
p
with Zc ¼ 10 mm.
Now consider the second pair of d-cones. When their peripheries
touch the clamped boundaries, b þ v < p=2 so that Z ¼ Zt<
kðW =2=sinv=ð1 þ sinvÞÞ2 ¼ 15 mm (with v ¼ 638) which is compar-
able to the experimental Z t ¼ 12 mm. For Z > Zt all d-cones have
to move along the clamped boundaries. If two of them are
constrained to have an angular opening of 2v, the only possible
shape is a trapezoid. Compared to the two-d-cones regime, energy is
gained in the diamond, and then the trapezoid regime. These
configurations were not observed numerically, probably owing to
the discretization. For this reason the numerics overestimates the
force in region IV of Fig. 3. At Z > 13 mm the plate becomes
cylindrical (pure bending deformations) so that the force jumps
to a much smaller value (Fig. 3). This transition is well predicted by
the numerics. The energy of the plate is then the same as the elastic
arch13.
The experiment we have performed is typically a controlled
version of what happens when a car is bumped. The difference is
in the material; in metals the elastic limit is easily exceeded at the
d-cones and then at the ridges. The first deformation of a plate is
either cylindrical or conical. Most further deformations lead to the
formation of pairs of d-cones and to the diamond-shaped deforma-
tion we have studied here. The observed shapes are determined by
the geometry, and the energy of the plate can be computed using
only the energy of the singularities. M
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Figure 4 Distance between the dominant d-cones and the centre with various a and d
values. k is half the mean curvature at the plate centre when Z ¼ 0. Crosses, numerics;
the other symbols are experimental. Open symbols, two-cones regime. Grey symbols,
diamond regime. Black symbols, trapezoid regime. Solid line, theoretical prediction from
equation (3). Inset curve (Z ¼ 6 mm), x cross-section of the plate (solid line); elastic arch
(dashed line).
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Synthetic single-helical conformations are quite common, but the
formation of double helices based on recognition between the two
constituent strands is relatively rare. Known examples include
duplex formation through base-pair-specific hydrogen bonding
and stacking, as found in nucleic acids and their analogues, and
polypeptides composed of amino acids with alternating L and D
configurations1,2. Some synthetic polymers3 and self-assembled
fibres4 have double-helical winding induced by van der Waals
interactions. A third mode of non-covalent interaction, coordina-
tion of organic ligands to metal ions5–7, can give rise to double,
triple and quadruple helices, although in this case the assembly is
driven by the coordination geometry of the metal and the
structure of the ligands, rather than by direct inter-strand com-
plementarity. Here we describe a family of oligomeric molecules
with bent conformations, which exhibit dynamic exchange
between single and double molecular helices in solution, through
spiral sliding of the synthetic oligomer strands. The bent con-
formations leading to the helical shape of the molecules result
from intramolecular hydrogen bonding within 29-pyridyl-2-
pyridinecarboxamide units8–12, with extensive intermolecular
§ Present address: University of Texas at Austin, Department of Chemistry and Biochemistry, Austin, Texas
78712, USA.
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The Helicoid versus the Catenoid: Geometrically Induced Bifurcations
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The minimal surfaces bounded by a frame formed of a double helix and two horizontal rods are
studied. The vibration equation shows that the helicoid is the stable surface when its winding number
is small. The catenoid is locally isometric to the helicoid so that their vibration spectra are strongly
related. While the catenoid is known to undergo a discontinuous transition to two disks, the helicoid
is shown to become unstable through a continuous transition to a ribbon-shaped surface obtained
experimentally, numerically, and analytically in the limit of infi nite height. The normal forms of the
bifurcations confi rm the analysis.
PACS numbers: 61.30.– v, 02.40.– k, 47.20.Ky, 68.10.Cr
Minimal surfaces are found in many fi elds of physics
which range from soap fi lms [1], lipid-water solutions
[2,3], diblock copolymers [4], crystallography [5,6], pro-
tein structures [6,7], to smectic-A [8], smectic-Q [9], or
blue phases [10]. These studies are often morphological
and most of the time are not concerned with the stabil-
ity of the surfaces, although morphological transitions can
result from the lack of stability. The helicoid and the
catenoid are conjugate minimal surfaces through the Bon-
net transformation. They are found in protein structures
[6,7]: the b-sheets may lie on a catenoid or a helicoid
depending on the protein conformation. The helicoid ap-
pears in macromolecules such as DNA or in screw dislo-
cations of smectic A [8]. The catenoid, which has been
widely investigated, is the minimal surface bounded by
two coaxial rings. When the distance between the rings is
increased, the catenoid disappears and is replaced by two
disks [11] through a discontinuous transition. Recently,
its vibration spectrum has been experimentally studied
with smectic fi lms in [12] and it has been shown to be
strongly related to the helicoid vibration spectrum [13].
A natural question comes about the transitions that the he-
licoid might undergo when varying its dimensions.
In this Letter, we study the minimal surfaces ly-
ing on a frame consisting of a double helix of ver-
tical axis, r6s  6r cosf, 6r sinf, p2pf, f [
0, f0, and two horizontal rods rt  rt, 0, 0, t [
21, 1 and rt  rt cosf0, rt sinf0,p2pf0, t [
21, 1 (see Fig. 1). When varying the frame, a continu-
ous transition to a ribbon-shaped surface occurs, contrary
to the catenoid case. As pointed out in [14], continuous
families of minimal surfaces are useful for complete mor-
phological studies. However, when a bounding frame is
considered, it is diffi cult to fi nd such families. In fact, the
plateau problem (fi nding the minimal surfaces bounded by
a given frame) is mathematically intractable in general.
Let us fi rst derive the vibration equation of a minimal
surface, and introduce some useful notation (see [15]). To
defi ne a surface without ambiguity, one needs to know
two tensors called the fundamental tensors I and II:
aab  r,ar,b and dab  r,abN , (1)
N being the normal of the surface at a point r. Roughly
speaking, aab gives the direction of the two tangents,
while the second tensor is related to their derivatives with
respect to the chosen coordinates a and b. If fl uctuations
of the surface occur (spontaneous ones or forced exterior
ones), each point is displaced as follows:
r
0u, y, t  ru, y 1 wu, y, tNu, y . (2)
We ignore the tangential displacement, which means sim-
ply a reparametrization of the surface without conse-
quence for the balance of energy. The perturbed area
of the surface element dS  detaab12 du dy is then
changed into (see [16])
dS0 
µ
1 1 Kw2 1
1
2
DawDaw
2 Kwd21abDawDbw
2 Kw2DawDaw 2
1
8
DawDaw
2
∂
dS . (3)
In our case, since the surface is minimal, the mean
curvature H vanishes, so that there is no linear term in
FIG. 1. Experimental and numerical helicoid for an aspect
ratio HD  2 and a winding number f0p  2.
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Eq. (3), while the Gaussian curvature K remains negative
everywhere (K  0 in the planar case). For the vibration
equation, the second order is enough but one needs to
keep the fourth order terms for the bifurcation analysis.
The capillary energy Ecap is written as
Ecap  g
Z
dS
0, (4)
where g is the surface tension, while the kinetic energy
Ekin is simply
Ekin 
rh
2
Z
≠tw
2
dS , (5)
with r the mass density and h the thickness of the ﬁlm.
With a forced harmonic excitation in cos√t, one gets
the eigenvalue vibration equation for an arbitrary minimal
surface µ
D
a
Da 2 2K 1
rh
g
√2
∂
w  0 , (6)
with the condition that w must vanish on the frame
which supports the membrane. This two-dimensional
Schrödinger-like equation depends only on the metric
of the surface (so on the ﬁrst tensor) as the curvilinear
Laplacian and the Gaussian curvature do. So if two
minimal surfaces have the same metric (and differ only by
the second fundamental tensor), their eigenvalue spectra
are related if they rest on “ similar contours.” In fact,
the Weierstrass construction gives an inﬁnite set of
minimal but also isometric surfaces (each of them being
parametrized by a complex number expit), from two
analytical functions of v  u 1 if. So from now
on, we choose as coordinates a and b the conformal
coordinates u and f. One of the most famous families is
probably the heltocat family which includes as particular
cases both the catenoid and the helicoid. In a previous
paper [13], we have studied the isospectrality of these
surfaces but now we focus on the stability analysis.
The surface is unstable if √2 , 0. The threshold of
instability of an arbitrary minimal surface is then given
by the existence of a solution to Eq. (6) with √  0
and the condition that w must vanish on the frame.
A quick analysis of Eq. (6) with √  0 suggests that
the helicoid threshold is simply deduced from the well-
known catenoid threshold. But, of course, this provides
no information on the ﬁnal shape above the bifurcation
threshold and on the nature of the transition, which is
subcritical for the catenoid.
As a consequence, other physical effects than capillarity
can intervene at the transition such as hydrodynamics
which lead to a ﬁnite-time singularity [11]. Our objective
here is more modest as we take into account only
capillarity. Since the helicoid is a surface which occurs
in a wide range of physics going from soft matter
physics up to macromolecules in biology, we think it
important to understand also its destabilization properties
as we increase its height at constant radius. Structural
transformations experienced by macromolecules might be
explained simply by stability arguments.
In conformal coordinates, the representation of the
heltocat family is
rtf, u  A cost cosf coshu 1 sint sinf sinhu,
cost sinf coshu 2 sint cosf sinhu,
u cost 1 f sint , (7)
where A is some length. By deﬁnition, all these surfaces
which include as a particular case the catenoid for t  0
and the helicoid for t  p2 have the same metric and
the same Gaussian curvature. Moreover, in this case,
these quantities depend only on the u variable which is,
of course, a rather exceptional simplifying property for
a minimal surface. Note that f varies between 0 and
2p for a complete catenoid but can vary between 0 and
f0 for the helicoid. As for u, we choose 2u0 , u ,
1u0. Finally, after a Fourier decomposition in f, Eq. (6)
reduces to the following one-dimensional equation
w
00 1
2
cosh2u
w  l2w . (8)
For the catenoid, since we have periodic boundary condi-
tions, l  0, 1, 2, . . . . But for the helicoid, l  npf0
with n  1, 2, 3, . . . .
In the catenoid case with l  0, an analytical solution
for w  Wu tanhu 2 1 gives the threshold of stability
uc  1.199 [solution of wuc  0]. So if H is the
distance between the two rings of diameter D which
support the catenoid, the catenoid shape disappears when
the ratio HD is larger than HDc  0.662. Above
this critical value, two disconnected disks are observed
and the bifurcation is subcritical [11].
We now turn our attention to the helicoid surface.
Equation (6) is no more than the Schrödinger equation
with the attractive potential hole of modiﬁed Pöschl-Teller
type [17]. The even solution, giving the lowest bound
state, is found in terms of hypergeometric functions,
weu  W cosh2uF
µ
2 2 l
2
,
2 1 l
2
,
1
2
, 2 sinh2u
∂
.
(9)
Not surprisingly, the marginal stability is obtained for a
critical u0 larger than 1.199. For large u0 an asymptotic
analysis of Eq. (9) gives l  1. For intermediate values
of u0, one can refer to Fig. 2 for the aspect ratio: HD
as a function of the twist angle f0p. The domain
of existence of the helicoid follows simply. Consider a
helicoid of height H  Af0 and diameter D  2A sinhu0
both ﬁxed. When increasing the twist angle f0, the
helicoid becomes unstable.
Remaining at a demonstrative and qualitative level, we
have observed this instability experimentally. Using iron
threads we constructed a frame with two symmetrical
helices with the same vertical axis and closed at both ends
by horizontal rods. We used a soap solution to generate
a ﬁlm standing on the frame. When the twist angle is
increased, an instability occurs with the destruction of
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FIG. 2. Phase diagram of the helicoid.
the helicoid and the appearance of a new surface (of
ribbon type) which lies on the helices (see Fig. 3). Each
time, there are two possible symmetric ribbons. If we
consider the DNA bases to be on a surface, the A-DNA
FIG. 3. The two ribbon surfaces for an aspect ratio HD  2
and a winding number f0p  3.
[18] and the P-DNA [19] are morphologically similar to
the ribbon surface. This simple model based on minimal
surfaces roughly predicts the geometrical aspect ratios
of DNA molecules and their topological changes [20].
When doing the experiment, we observe that the process
is reversible: the bifurcation is supercritical. Decreasing
the twist angle, the initial helicoid is restored.
We do not succeed to ﬁnd explicitly the ribbon shape
(bifurcated shape) by the Weierstrass construction,
because of the difﬁculty coming from the boundary con-
ditions at the horizontal rods. So, we use a ﬁnite-element
minimization [21] of the capillary energy given the
boundary conditions (the two helices and the two horizon-
tal rods). In the domain predicted by the linear stability,
the helicoid is found as expected. Outside this domain,
the two ribbon surfaces are the stable minimal surfaces
(Fig. 3). Note that the vertical axis lies within the helicoid
while it remains outside the bifurcated surfaces. So the
inner diameter d can be chosen as the order parameter for
the bifurcation (d  0 for the helicoid), while the control
parameter can be u, f or some aspect ratio. Near the
marginal stability curve, and as expected for a supercritical
bifurcation, d follows the scaling d 
p
l 2 lc if l is
the control parameter.
This analysis can be conﬁrmed by including the non-
linear contributions derived from Eq. (3). For clarity, we
consider only the catenoid or the helicoid with f0  `,
so that the most unstable mode depends on one variable
u. We compute the capillary and the kinetic energy of
wu, t  Wt u tanhu 2 1 in the vicinity of the onset
of instability:
Ecap  g
√
auc 2 u0W
2 2 g
b
A2
W3 1
c
A2
W4
!
, (10)
Ekin  rhdA
2≠tW
2. (11)
Here a, b, c, d are positive constants. The coefﬁcient
of the second tensor g  dff  A cost is different for
the catenoid (g  A) and the helicoid (g  0). For the
catenoid, the control parameter is given by the height
over diameter ratio d  HDc 2 HD  u0 2 uc2.
After a proper rescaling of the time t and amplitude W , we
derive the following amplitude equation for the catenoid:
≠ttW  2
p
d W 2 W2. By the change of function, W p
d 1 Z, the amplitude equation becomes
≠ttZ  d 2 Z
2, (12)
which demonstrates that the catenoid undergoes a
Hamiltonian saddle-node bifurcation. Remember that
if HD , HDc  0.662, there are two possible
catenoids bounded by two coaxial rings of diameter
D and distant by H. One is stable and the other is
unstable. The control parameter for the inﬁnite height
helicoid is given by the diameter over pitch ratio e 
D2pA 2 D2pAc  sinhu0 2 sinhucp  u0 2 uc.
With the rescaling, the equation for the helicoid becomes
≠ttW  eW 2 W
3. (13)
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So the helicoid undergoes a pitchfork bifurcation. While
the ﬁrst tensor is responsible for the stability threshold, the
second tensor is responsible for the nature of the bifurca-
tion. In fact, the complete helicoid separates the space
into two parts symmetrical with respect to the helicoid
axis, so that we expect a symmetrical bifurcation. For the
catenoid the two parts of space are different.
If the height of the double helix is inﬁnite, it turns
out that a simple analytical form of this new ribbon-
like minimal surface can be found among the heltocat
family itself. Let us consider an arbitrary member of
this family St given by Eq. (7) with B replacing A. At
ﬁxed u, rtf is a helix which lies on St . Its radius
is B
p
cos2t cosh2u 1 sin2t sinh2u and its pitch is p 
2p sintB. We want to ﬁnd on St two helices of ra-
dius r  A sinhu0, of pitch 2pA, and symmetrical with
respect to the z axis, so that the frame is the helicoid frame.
The second condition gives A  B sint, while the ﬁrst and
third conditions give the t value once u0 is known:
tan
µ
n
tant
∂
tant tanhn  1 , (14)
with sinh2n  sin2t sinh2u0 2 cos2t . (15)
Note that u0  1.199  uc when t  p2, and so the
surface appears continuously when the helicoid becomes
unstable. Also, u0 ! ` when t ! 0. As given by
Eq. (8), this surface is found to be always stable. But
there may be many minimal surfaces bounded by a given
frame. Comparison with numerical results is necessary,
and shows that the surface we have found is the selected
one: the numerical and theoretical surfaces differ only in
the region where the vertical distance to the horizontal
rods is smaller than the pitch. This difference comes from
boundary effects at the rods.
In conclusion, we have shown that the helicoid under-
goes a supercritical transition to a ribbon-shaped surface.
This minimal surface might be used to construct a new
type of dislocations, as screw dislocations are constructed
from helicoids [8].
We thank Yves Couder, Thomas Garel, and Stéphan
Fauve for fruitful discussions.
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Abstract. The dynamics of a system where a mass is free to slide on a vibrating string is investigated as
the excitation frequency is varied. One degree of freedom is thus added to the system studied by Helmholtz
in which a mass was fixed on a vibrating string. This new system exhibits a specific dynamics characterized
by the existence of a self- adaptative behaviour. When the driving frequency falls into wide and well defined
frequency bands, a long transient is observed by which the mass adjusts its position so that the whole
system becomes resonant. In the gaps between these bands, bifurcations give other equilibrium positions.
A theoretical model is proposed. It accounts for all the experimental results. In the case where two masses
are present on the string, two degrees of freedom are added and the set of equilibrium positions would be
expected to be infinite. However, in the experiment, the two masses are observed to go to positions where
they are symmetrical with respect to the middle of the string. A selection mechanism due to the string
stretching is pointed out.
PACS. 47.20.Ky Nonlinearity (including bifurcation theory) – 68.45.Kg Dynamics; vibrations
1 Introduction
Vibrating strings have been widely investigated during the
nineteenth century. Several problems in this domain were
more difficult than it might seem now that it has become
a topic for textbooks. For instance, there was a strong de-
bate between Euler, d’Alembert and Lagrange [1] on the
possibility of a slope discontinuity for a plucked string.
Lagrange [1] also examined the non-harmonic vibrations
of a string with a variable density. Helmholtz [2] wanted to
determine the lower frequencies that a human being can
hear. For this purpose, he studied the basic frequencies of
a string loaded with one fixed point-like mass. Helmholtz
calculations give the eigenfrequencies of the system as
a function of the mass position along the string. It was
pointed out recently by Brazovskaia and Pieranski [3] that
this problem is equivalent to a quantum billiard with a
pointlike scatterer. However, these studies were only con-
cerned with the eigenmodes of the perturbed system. The
present letter is devoted to the study of a string loaded
with point-like masses which are free to slide. We will show
that this system, when forced by an external frequency be-
longing to large frequency bands, self- adapts to remain
resonant .
The self adaptation of a vibrating system to a forcing
frequency was previously found in two systems. In an un-
published work [4], Airiau, Couder and Rabaud observed
that when a thick soap film is forced into vibration by
a loudspeaker, the film retains a large amplitude of os-
cillation in very wide ranges of frequency. A characteris-
a e-mail: boudaoud@lps.ens.fr
tic of soap films is that their thickness can vary spatially
and that the film is liquid. When forced into vibration,
the fluid flows in such a way that in the steady regime
the mass is very unevenly distributed. With an elongated
rectangular frame, at a frequency corresponding to the nth
eigenmode, most of the film mass is concentrated in the n
antinodes. When the frequency is increased the mass dis-
tribution changes continuously so that the vibration am-
plitude remains large. Eventually, the mass in each antin-
ode splits and the film is reorganized so as to have mass
concentrated in the n+1 antinodes of the next mode. In-
dependently, Brazovskaia et al. [5] performed experiments
with square smectic films of uneven thickness. They found
that the film thickens at the vibration antinode. A penin-
sula consisting of many layers of smectic appears at the
antinode and its shape adapts to the forcing. However,
smectic films of constant thickness are also easily obtained;
in this latter case, they are perfect membranes with eigen-
frequencies following the Rayleigh law [6]. Brazovskaia and
Pieranski [3] also observed a self-tuning property: when a
smectic film is loaded with a small bead, it adjusts its po-
sition with the forcing frequency. The aim of the present
work is to find this type of nonlinear behaviour in a model
system, such that both the experiment and the theory can
be extensively tractable.
2 The experimental setup
The experimental apparatus is very simple: we thread one
or two beads on a string and force the oscillation of the
system magnetically. The qualities of music instruments
led us to use a piano string made of 0.5 mm diameter
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Fig. 1. Scheme of the experimental apparatus. A piano string
fixed at one end is tightened horizontally with a mass at the
other end. The magnetic field is generated by two U- shaped
magnets and two iron plates. An alternating current passes
through the string.
steel with a mass per unit length λ = 1.53 g/m. The use-
ful string length was chosen to be L = 30 cm. With a
smaller length, the bead position is not measured precisely
enough, while with a larger length, it is difficult to obtain
a homogeneous magnetic field for the forcing. The total
string mass is λL = 0.46 g. The string is held horizontally
and tightened with a mass giving a tension T = 17 N
(Fig. 1).
The beads are small disks of masses m = 0.21 g, 0.73 g
and 1.82 g. They are pierced by holes of 0.55 mm diame-
ter, slightly larger than the string diameter. Once threaded
on the string, the bead can thus have a small amplitude
bouncing motion. This suppresses the possibility of a solid
friction which could block the motion. Provided the am-
plitude of the bouncing remains very small compared with
that of the oscillation, it does not introduce any artefact
into the experiment. The results are identical to those ob-
tained when the bead slides on the string with a pure
viscous friction [7]. When the hole was drilled through the
center of the disk, the bead spun and there was a coupling
between vibration and rotation. To prevent the spinning,
the hole was drilled off-centered so that the disk forms a
little pendulum. The hole position and the disk size were
chosen so that the bead oscillation frequencies would be
very large compared to the imposed frequencies. We thus
avoid any coupling between the disk’s oscillations and the
string’s vibration.
In order to have a spatially homogeneous system, we
chose a magnetic forcing where the force exerted on the
wire is the same everywhere. An alternating current (1
to 10 A) of tunable frequency passes through the string.
This string is located between the poles of two identical U
shaped permanent magnets generating a horizontal mag-
netic field. Since we wish this magnetic field to be spatially
constant, two long and thick iron plates are interposed,
parallel to each other and located between the poles and
the wire. Since iron channels the magnetic flux, the field
which is directed from one plate to the other (Fig. 1) is
thus spread out and approximately constant along all the
length of the wire (B ∼ 0.1 T). The magnetic force is
vertical and can go up to 1 N/m. The excitation was not
perfect, the magnetic field still had slight variations along
the string. For reasons discussed below, we also used a con-
figuration where the magnetic field has its sign reversed
at the middle of the string. The driving amplitude or
-0.5
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Fig. 2. The nondimensional steady positions of the bead as a
function of the forcing frequency (the unit of frequencies being
the fundamental frequency ω0 of the unloaded string). The
diamonds result from an experiment done with a bead of mass
m = 1.82 g. The different steady positions at a given frequency
were measured in independent realizations. The curves are the
predicted positions of equilibrium (solutions of Eq. (12)) for
the corresponding mass ratio µ = 4.
frequency are easily adjusted with a function generator
and measured with a frequency counter and an oscillo-
scope.
3 Experimental results
We first investigated the resonances of the string alone.
Its fundamental frequency is ω0 = 126 Hz. We measured
the amplitude of vibration as a function of the frequency.
A ruler gives a precision of 0.5 mm on the amplitude. The
resonance width is of the order of γ ≈ 5 Hz, so damping
is small. There is hysteresis in the response curve, as for a
1D nonlinear oscillator. Thus, the amplitude of vibration
is imposed by the nonlinearities and the damping may be
neglected.
3.1 With a single bead
A single bead is now placed on the string. We first describe
the results obtained with a bead of mass m = 1.82 g,
heavier than the string (µ = m/λL = 4.0). The bead
is first placed arbitrarily on the string and the system
is forced at a frequency ω. For most frequencies, when
the forcing is switched on, a slow evolution is observed
where the mass slides along the wire and the oscillations
change. Ultimately a steady regime is reached. We then
measure the bead position ξ. It is obtained with a precision
of 1 mm, i.e. 1/300 of the string length, while the precision
on frequency is 0.1 Hz, i.e. less than 1/1000 of the basic
frequency. We then repeat the same operation varying the
forcing frequency step by step so as to obtain the evolution
of ξ as a function of ω. The experimental results are shown
in Figure 2 on which, for the sake of comparison with
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Fig. 3. The same diagram as Figure 2 obtained for a light
bead (m = 0.21 g and µ = 0.46). The diamonds correspond to
the observed equilibrium positions of the bead. The thick con-
tinuous lines are the resonance positions (Eq. (12)); the thick
dashed lines are the non resonant positions given by equa-
tion (14); the thick interrupted lines are the non resonant posi-
tions given by equation (15). The three are the predicted stable
steady positions. The thin continuous lines correspond to the
bead at a vibration node; the thin interrupted lines are given
by equation (15). Both represent the unstable steady positions
of the bead.
theory, the frequencies are normalized, the fundamental
frequency ω0 of the string being chosen as unity.
At very low frequency, below any resonance of the sys-
tem, there is hardly any vibration (amplitude far smaller
than 0.5 mm) and the bead has no preferential position.
When the frequency approaches a frequency ω1 = 38 Hz
(ω1 < ω0 = 126 Hz) the bead is observed to move spon-
taneously along the wire. This motion has a time scale
of 100 s. It is much larger than the vibration time scale
which is 0.01 s. Ultimately the bead reaches the middle
of the string where it stops sliding. At ω = ω1 = 38 Hz
the vibration amplitude has become large (3 mm) and the
bead is located at an antinode. Using Helmholtz’s results
it is possible to compute the frequency of the fundamen-
tal mode of the string loaded with the same bead fixed at
the center. The resulting value is precisely ω1. This means
that the bead has spontaneously moved so as to make the
system resonant.
With a fixed bead an increase of the frequency would
detune the system. Instead, in the present situation, the
bead is observed to leave the center, moving either left or
right to a new and well defined position where the vibra-
tion amplitude of the whole system remains large. This
is a symmetry breaking process: the evolution of ξ as a
function of ω in the vicinity of the threshold ω1 shows
this transition to be a supercritical transition. When ω
comes close to ω0 = 126 Hz, the position of the bead is
near one of the extremities of the string. The amplitude
of the string vibration is still large (3 mm) but the bead
is no longer at an antinode, so that its own motion has a
small amplitude (0.5 mm). With a further increase of the
frequency, the bead reaches an extremity of the string and
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Fig. 4. The same diagram as above for the system with two
beads. Here the diamonds correspond to the simultaneous posi-
tions of the two beads with the homogeneous forcing: one bead
(grey symbols) is on the right half of the string, the other (black
symbols) is on the left half. The squares were obtained with an
antisymmetric excitation of the system. The continuous curves
are the predicted resonance equilibrium positions with homoge-
neous magnetic field given by equation (18). The dashed curves
are the predicted resonance equilibrium positions with anti-
symmetrical magnetic field given by equation (19).
is then at an antinode. The string now vibrates as if there
were no bead, with a very large amplitude (5 mm), be-
cause this occurs precisely at ω0 = 126 Hz, the frequency
of the fundamental mode of the string alone. Once again
the system has adapted to be resonant.
Above ω0, a second bifurcation occurs. As a result,
when 2ω0 is reached either the bead has returned to the
center, or again to one extremity (Fig. 2).
The same experiment done with a bead lighter than
the string (m = 0.21 g so that µ = m/λL = 0.46, Fig. 3)
exhibits mostly the same characteristics. The main dif-
ference is that ω1 = 88 Hz is larger so that the band of
frequencies between ω1 and ω0 is narrower. The mass is
observed to move a larger distance to compensate for a
given shift in frequency. Immediately above ω0 = 126 Hz,
there is a band of frequencies in which, though the bead
goes to a well determined position, the system does not
appear to be resonant (the vibration amplitudes remain
small, of the order of 0.5 mm). For larger frequencies,
large amplitudes of vibration are recovered and the equi-
librium positions of the bead are similar to the case of the
heavier bead.
3.2 With two beads
We use the same experimental apparatus but two identical
beads are now threaded on the string. The results of such
an experiment with each bead having a mass m = 0.73 g
(µ = 1.6) are shown in Figure 4. At low frequency, below
any resonance, there is hardly any vibration and the beads
take no preferential positions. At slightly higher frequen-
cies, the beads move to the middle of the string and stick
together. This occurs at the frequency ω1 = 41 Hz corre-
sponding to one single bead of mass 2m (and 2µ = 3.2).
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From there, if the frequency is increased, the beads move
in such a way as to stay together and behave as one single
bead. However, if the experiment is directly started above
the frequency ω1, the following is observed. If the beads
are placed on the same half of the string, they move in such
a way as to stay together and behave as one single bead.
If the beads are placed on different halves of the string,
they move to symmetrical positions (Fig. 4). In this case,
they will stay symmetrical for any further increase of the
frequency.
In the latter case, each bead reaches an extremity of
the string when the frequency reaches ω0 = 126 Hz. Then
they return symmetrically to the center and a supercritical
bifurcation occurs: the beads move towards the extremi-
ties or the center, remaining in symmetrical positions.
The two beads are not observed to move into the po-
sitions expected for the second eigenmode. The reasons,
detailed in Section 4.2, lie in the symmetry of the forcing
(see Morse [8]). In order to recover the even eigenmodes,
we imposed a magnetic field which reverses its sign at the
middle of the string. With this antisymmetrical forcing,
the beads move to symmetrical positions corresponding to
the second eigenmode (Fig. 4), but the odd eigenmodes are
no longer excited. In the case of antisymmetrical forcing,
the symmetrical positions exist only above a frequency
ω2 = 65 Hz (ω2 > ω1) where a bifurcation occurs: when
the frequency is increased, the beads move either towards
the extremities or the center.
4 The model and the results
The string equation is the classical wave equation for the
transverse displacement y
λ∂tty = T∂xxy (1)
where the x axis is chosen along the string at rest, the
origin is at the center; λ is the string linear density and T
the tension. The nth eigenmode is defined by its frequency
ωn = n(pi/L)
√
T/λ and its shape y = y0 sin(npi(x/L +
1/2)) cos(ωt+ ϕ). Here L is the string length.
4.1 With a single bead
If a mass m is located on the string at x = ξ, taking into
account a forcing F cos(ωt) per unit length, equation (1)
becomes
(λ+mδ(x− ξ))∂tty = T∂xxy + F cos(ωt). (2)
δ is the Dirac distribution and accounts for the punctual
mass. If the bead position changes by dξ, the kinetic en-
ergy theorem tells us that Gdξ = dK, where G is the force
acting on the bead, andK its kinetic energy. The equation
of motion reads
m∂ttξ = ∂ξK =
1
2
m∂ξ((∂tξ)
2 + (∂tη)
2). (3)
Here η = y(ξ, t) is the bead transverse position. Let us
note that, of course, a Lagrangian derivation gives the
same equations of motion.
We have neglected the gravity g, as mg ∼ 0.01 N is
much smaller than the tension T = 17 N. We neglect fric-
tion between the bead and the string, it does not change
the equilibrium positions. It only contributes to stop the
bead at these positions. Moreover, the basic frequency
over resonance width ratio is ω0/γ = 25 so that damp-
ing is small. At first, we neglect nonlinearities in string
vibration. This assumption will allow us to find the bead
positions but not the vibration amplitudes.
We write equations (2, 3) in a non-dimensional form
using as units the string length L, the fundamental fre-
quency ω0 = (pi/L)
√
T/λ and the time scale τ = pi/ω0,
therefore
(1 + µδ(x− ξ))∂tty = ∂xxy + f cos(piωt), (4)
∂ttξ =
1
2
∂ξ((∂tξ)
2 + (∂tη)
2). (5)
Here µ = m/(λL) is the bead/string mass ratio and
f = FL/T the forcing. We have omitted the tildas for the
new non-dimensional variables. ξ varies between −1/2 and
1/2. We look for periodic solutions of the form y = Y (x, ξ)
cos(piωt) and η = η0 cos(piωt) (we drop the phase since
there is no damping) so
−pi2ω2(1 + µδ(x− ξ))Y = ∂xxY + f. (6)
When f = 0, equation (6) is a Schro¨dinger equation for a
particle in a box with a short range potential, the so-called
quantum billiard with a point-like scatterer [3]. Since ξ is
only a function of time, ∂ξ(∂tξ)
2 = 0. Therefore, equation
(5) averaged in time gives the slow dynamics of the bead
steady position ξ:
∂ttξ =
pi2
4
ω2∂ξη
2
0. (7)
Thus, the dynamics is that of a bead moving in a po-
tential −pi2ω2η20(ξ)/4, and the behaviour of (η0(x))
2 gives
the equilibrium positions and their stability. We look for
solutions of (6) of the form
Y (x, ξ) =
f
pi2ω2
(cos piω(x+ 1/2)− 1
+A sinpiω(x+ 1/2)) if x < ξ,
Y (x, ξ) =
f
pi2ω2
(cos piω(x− 1/2)− 1
+B sinpiω(x− 1/2)) if x > ξ, (8)
fulfilling the boundary conditions Y (−1/2) = Y (1/2) = 0.
A and B are determined by the conditions
Y (ξ+, ξ) = Y (ξ−, ξ), (9)
−pi2ω2µY (ξ, ξ) = ∂xY (ξ
+, ξ)− ∂xY (ξ
−, ξ), (10)
the first condition imposes continuity at x = ξ, the second
comes from integration of (6) between ξ − ε and ξ + ε in
the limit ε→ 0. The discontinuity in the string slope (see
Fig. 5) is due to the bead infinite inertia per unit length.
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Fig. 5. The string shapes obtained theoretically for µ = 4.0 at different values of the nondimensional frequencies ω. Note that
the beads generate a slope discontinuity. The amplitude units are arbitrary and are magnified to show clearly the strings shapes.
The experimental amplitudes are of the order of 5 mm, the string length being 30 cm. (a) At ω = 0.31, the system is just above
the first bifurcation and the bead is at the antinode. (b) At ω = 0.95, there is one equilibrium position near a node. (c) The
two possible solutions for ω = 1.9. In both, the bead is near a node. (d) The three possible solutions at ω = 2.4.
We compute A and B in equation (8) using the condi-
tions (9, 10) to find the amplitude of vibration of the bead
at ξ:
η0(ξ) = Y (ξ, ξ)
=
f
pi2ω2
(
2 sin(piω/2) cos(piωξ)
sin(piω) + piωµ cos2(piω/2)− piωµ cos2(piωξ)
− 1
)
·
(11)
One can easily determine the bead equilibrium positions
and their stability. First, the positions where η0(ξ) = ±∞
are given by
sin(piω) + piωµ cos2(piω/2)− piωµ cos2(piωξ) = 0. (12)
These curves are plotted in Figures 2 and 3 for two
different values of µ (µ = 4.0 and µ = 0.46).
We can now revisit the system with the bead fixed at a
position ξf . For each position ξf , Helmholtz’s calculations
[2] give, with our notations, the eigenfrequencies ωf , i.e.
the frequencies at which the amplitudes deduced from the
linear string equation (2) are infinite:
sin(piωf ) = piωµ sin(piωf (ξf + 1/2)) sin(piωf (ξf − 1/2)).
(13)
The resulting curves ωf(ξf ) are identical to the curves
ω(ξ) given by equation (12). Thus, the slow dynamics of
our system leads it to self-tuning at a resonance. This is
observed experimentally: when the bead has reached its
steady position, the system as a whole has a maximum
amplitude of vibration (limited in practice to about 3 mm
because of the non-linearities). When the bead reduced
mass is large (µ = 4 in Fig. 2) the system is resonant at al-
most any imposed frequency. With a light bead (µ = 0.46
in Fig. 3) the resonance spectrum shows bands separated
by gaps with no possible resonance. When µ → 0, we
recover the simple string with resonances only at ω = 1,
2, 3 ...
Equation (8) gives the shape of the string once A and
B computed. For each frequency (in order of increasing
values) we look for the possible positions of the bead
for which the system is at resonance. The lowest pos-
sible frequency of the system (ω1 = 0.3 for µ = 4) is
found when the bead is at the center of the string, at the
antinode of the fundamental mode. Between ω1 and the
basic frequency ω0 of the unloaded string only one posi-
tion ξ of the bead (and its symmetric −ξ) can provide a
resonance. Close to ω1, just above the first bifurcation,
the resonant positions correspond to the bead slightly off-
centered and still at a vibration antinode as shown in Fig-
ure 5a (ω = 0.31). Closer to ω0 (ω = 0.95 in Fig. 5b) the
bead is close to an extremity of the string and no longer
at an antinode. At ω0 the bead reaches the node located
at the string end. Between ω0 and 2ω0, two distinct val-
ues of ξ (and their symmetric) can give resonances. This
corresponds to the second bifurcation of the system. The
shapes of the string are shown for ω = 1.9 in Figure 5c. For
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frequencies between 2ω0 and 3ω0, there are three distinct
solutions with shapes shown in Figure 5d for ω = 2.4.
There is usually a discontinuity of the string slope at
the bead, the only exception being the bead located ex-
actly at a node. The bead is at an antinode, or close to it,
in the lower frequency range. In all other cases it remains
close to a node. All these predicted shapes of vibrations
correspond exactly to those observed experimentally. As
noted above, with a homogeneous forcing, the mode two of
a vibrating string should not be excited. Here, because the
introduction of a single bead has broken the symmetry, it
becomes possible.
When the bead is light (Fig. 3) there are frequencies
for which no position of the bead can give a resonance.
These frequencies form gaps of values separating the bands
where there is resonance. Experimentally however, when
the system is excited at such a frequency, the bead is still
observed to choose a well defined position and to stay
there.
This behaviour can be understood by noting that set-
ting ∂ξη0 = 0 in equation (11) gives additional equilibrium
positions of the bead. These are absent in Helmholtz the-
ory since they do not correspond to resonances. These po-
sitions are those that are observed here in the gaps. They
are determined by two equations:
sin(piω) + piωµ cos2(piω/2) + piωµ cos2(piωξ) = 0, (14)
sin(piωξ) = 0. (15)
All the different types of solutions are shown in Figure 4.
At the intersections of the curves resulting from equations
(12, 14, 15), there are bifurcations with exchange of sta-
bility (Fig. 4). The solutions of (14, 15) (Fig. 2) are stable
only in the gaps. The observed bead positions (Fig. 4)
agree with predictions. The slight discrepancies can be at-
tributed to the weak inhomogeneity of the magnetic field
B along the string. When this inhomogeneity is made vol-
untarily larger, these discrepancies are increased.
4.2 With two beads
The observations done in continuous systems (soap films
or smectic films) show a trend for the system to adapt
by concentrating mass at the antinodes. This is observed
in the one-bead system only at the lower frequencies. It
appears that one single bead can be close to an antinode
when there is only one antinode. For the higher modes,
if the bead were to be at one of the antinodes, it would
cause this antinode to completely differ from the others,
and thus destroy the possibility of a resonance. If n beads
were placed at the n antinodes of the nth eigenmode, the
system would be tunable by a bifurcation similar to the
bifurcation observed with one antinode in the one-bead
system. The analogy with continuous systems was the mo-
tivation for the investigation of the string loaded with two
beads.
But with two beads, the system acquires two extra
degrees of freedom. For this reason, one expects the reso-
nance condition to be some function gω(ξ1, ξ2) = 0 of the
beads horizontal positions; so the set of equilibrium po-
sitions should be infinite. However, the experiment shows
2
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Fig. 6. Schematic plot of the resonance function gω(ξ1, ξ2) =
0 near a symmetric resonant position (−ξ, ξ). This graph is
symmetric with respect to the line of equation ξ1 = ξ2. A
sketch of the stretching energy Ws along the tangent is shown.
that there is only a finite number of steady positions for
each frequency. Therefore there must be a selection pro-
cess.
The selection process seems to be linked to the limita-
tions in the amplitudes of oscillations. In fact, the ampli-
tude of vibration is determined by nonlinearities and not
by damping. The observed amplitudes of the string mo-
tion at the antinodes in our experiment is A ≤ 5 mm. If it
were due to damping, we would have A/L ≈ FLω0/(Tγ)
with F = IB the magnetic force, L the string length, ω0
the fundamental frequency, T the string tension and γ the
resonance width. So the amplitude would be A ∼ 6 cm,
which is much greater than the experimental amplitude.
Hence, we have to take into account string stretching,
elastic bending and geometrical nonlinearities hidden by
equation (1). A rough estimate shows that stretching is
dominant and from Morse [9], equation (1) becomes
λ∂tty = T∂xxy +
1
2
Es∂x((∂xy)
3) + F cos(ωt) (16)
where E ∼ 2 × 1011 N.m−2 is the steel Young modu-
lus and s the string cross section. The cubic term stands
for the elastic restoring force due to the string exten-
sion while vibrating. From equation (16), we estimate
F ≈ Es/L(A/L)3 so that A ∼ 5 mm, which is consis-
tent with the experiment. So, the new ingredient is the
stretching energy Ws. In terms of the dimensionless vari-
ables, it reads
Ws(ξ1, ξ2) ≈
1
8
EsL
∫
1/2
−1/2
(∂xY )
4dx. (17)
In fact we will not use this expression but we will only
use its symmetries in the beads positions. Figure 6 shows
the plane (ξ1, ξ2) where the symmetries are explicited.
Note that the system is invariant by the permutation
(ξ1, ξ2)→ (ξ2, ξ1), the symmetry with respect to the string
middle (ξ1, ξ2)→ (−ξ1,−ξ2) and so isWs and the function
gω(ξ1, ξ2). We hereafter consider the vicinity of a resonant
position (−ξ, ξ). The invariance by the transformation
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Ψ : (ξ1, ξ2)→ (−ξ2,−ξ1) shows that, at (−ξ, ξ), the curve
gω(ξ1, ξ2) = 0 has a tangent parallel to the the line of equa-
tion ξ1 = ξ2 and a parameterization ξ1 = −ξ+s, ξ2 = ξ+s
(Fig. 6). The invariance by Ψ shows that Ws is even with
respect to s: Ws(−ξ+s, ξ+s) = Ws(−ξ−s, ξ−s). Thus,
along the tangent, Ws(−ξ+ s, ξ+ s) has a maximum or a
minimum for s = 0. The experiment shows that it is actu-
ally a minimum, i.e. the stretching energy is minimum for
the resonant position (−ξ, ξ). Of course, one could make
the cumbersome calculations with the stretching energy
expression to find that the symmetric positions are se-
lected. Our intention was only to show how to guess the
solutions by only considering the symmetries in the beads’
positions.
The symmetry with respect to the string middle sug-
gests looking for the beads positions with ξ1 = −ξ2 among
the resonant positions defined by gω(ξ1, ξ2). Now we have
a single variable (ξ1 = −ξ2). The calculations are very
similar to those in Section 4.1.
For the odd eigenmodes, the string shape is symmetri-
cal and the beads’ equilibrium positions are (−ξ, ξ), ξ > 0,
where
piωµ sinpiω(2ξ − 1/2) = piωµ sin(piω/2)− 2 cos(piω/2).
(18)
This curve is plotted in Figure 4. The experimental posi-
tions agree with the theoretical ones. The beads’ positions
are symmetric and correspond to resonance.
For the even eigenmodes, the string shape is antisym-
metrical and the beads’ positions are defined by
piωµ cospiω(2ξ − 1/2) = piωµ cos(piω/2) + 2 sin(piω/2).
(19)
These positions are plotted in Figure 4 and agree with the
experimental positions obtained with the antisymmetrical
configuration of the magnetic field. Again, the two beads
are in symmetric positions.
These positions are not observed with a homogeneous
forcing, because it is symmetric with respect to the string
middle. Morse [8] shows that the string eigenmodes of anti-
symmetrical shape are not excited when the forcing is ho-
mogeneous. We believe the argument of symmetry given
above offers an interpretation of a result that surprised
Morse.
5 Conclusion
In summary, we have shown that a string with one or two
sliding beads adapts itself to become resonant at the forc-
ing frequency through a slow dynamics process. There is
a dramatic change in the nature of the system with ad-
ditional degrees of freedom. While the single string has
a discrete resonance spectrum, the string with a sliding
bead acquires a continuous one. As a consequence, the
beaded string responds to the forcing with a large ampli-
tude within a whole range of frequencies.
In a forthcoming article [10], we will focus on the evolu-
tion of mass distribution as the key to the self-adaptative
behaviour of thick vibrating soap films. The large thick-
ness at an antinode corresponds to a concentration of
mass; so that it could be modelled by a bead at antinode.
Therefore, an equivalent for the soap film with n antin-
odes, would be a string loaded with n beads and excited
in the nth eigenmode. The soap film would be tunable
through bifurcations similar to the first bifurcation ob-
served with the string loaded with two beads in the case
where the beads separate from each other.
For solid membranes, the vibration modes are often
visualised by spreading sand on their surface (Chladni
figures [11]). Self-adaptation would presumably be ob-
served if the sand mass was comparable to the membrane
mass. Similarly, as there are many systems which obey the
string equation, self-tuning could be obtained in systems
such as acoustical, microwave or optical cavities having
more practical interest. In the last two cases the radiation
pressure acting on a dielectric could generate the slow
dynamics.
The authors thank M. Brazovskaia and P. Pieranski for
fruitful discussions and for sending them their preprint prior
to publication, and E. Corvera Poire´ for a critical reading of
the manuscript and useful comments.
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Self-Adaptation in Vibrating Soap Films
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The vibration of a soap ﬁlm set into motion by a sound wave is studied experimentally and
theoretically. In contrast with the well separated resonances of a solid membrane, the modes of a
liquid ﬁlm exist in wide ranges of frequencies and the vibration amplitude is large for all forcing
frequencies. This is due to the adaptation of the ﬁlm mass distribution which concentrates at the
antinodes as observed by interference fringes in monochromatic light. The theoretical model takes
into account the variation of surface tension with thickness and explains the experimental results.
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In early times, vibrating soap ﬁlms were considered
as archetypes of vibrating membranes. For instance
Rayleigh [1] reports experiments of this type by Melde
(1876). There are also observations by Taylor [2] and
more recently by Bergman [3] on circular or square
membranes. Quantitative studies are more recent and
revealed that the vibration of liquid ﬁlms is more complex
than that of solid ﬁlms. A linear theory of the propagation
of waves in soap ﬁlms was developed by Lucassen et al.
[4]. Experimentally two different types of behavior are
observed when soap ﬁlms are force into vibration. If
the ﬁlms are thin, strong and rapid recirculations are
generated as reported by Afenchenko et al. [5] and studied
theoretically by Vega et al. [6]. In contrast, if the ﬁlms
are thick, the mass distribution adapts itself so that the
system retains large amplitude oscillations at all forcing
frequencies. This self-adaptation of soap ﬁlms to the
forcing was ﬁrst pointed out by Airiau, Couder, and
Rabaud [7]. A similar effect was found in vibrating
smectic ﬁlms with large forcing by Brazovskaia et al. [8].
However no complete model for the self-adaptation of
these systems was given. A better understanding of the
phenomenon was reached in systems where it results from
the addition of a discrete mass. This was obtained with
a small ball suspended in a vibrating smectic ﬁlm [9] or
with a bead sliding on a vibrating string [10]. In this latter
case there is a slow dynamics by which the bead adjusts
its position so that the system is resonant with the forcing.
A theoretical model for this effect is given in [10].
While Refs. [9,10] considered discrete systems, in the
present Letter we are concerned with self-adaptation
in a continuous system. For this purpose we revisit
vibrating soap ﬁlms. As we will show they fundamentally
differ from solid membranes because of the possibility
of thickness variations. The ﬁlm is formed of a 1%
water solution of commercial soap (“Mir multiusages”)
mixed with 7% of glycerol. It has a surface tension
s ­ 22 mNym and a mean thickness e ø 5 mm. The
frame is a rectangle of length L ­ 16 cm and width
W ­ 2.5 cm. It is placed horizontally and the forcing
is provided by a large loudspeaker located below the
ﬁlm and giving a spatially homogeneous forcing. Using
a function generator and a hi-ﬁ ampliﬁer the excitation
frequency can be tuned continuously. The whole system
is placed in a perspex box to avoid drafts. The ﬁlm
is lit with a large monochromatic sodium lamp located
behind a diffusing screen. Observed in reﬂection the ﬁlm
exhibits equal thickness interference fringes, the thickness
varying by 0.22 mm between two neighboring fringes.
A video camera placed just above the box is used to
record the evolution of the interference patterns. We used
the reﬂexion of a plane laser sheet of light by the ﬁlm
across the middle of its width. The largest deﬂections
at the antinodes give a measure of the amplitude of the
ﬁlm vibration. The transverse proﬁle of the ﬁlm in the
direction z perpendicular to its plane can also be observed
with a stroboscopic light.
If care is taken for the initial stretching of the ﬁlm,
reproducible results are obtained [11]. After it has
been set into vibration, an organized interference pattern
appears after approximately 10 sec (Fig. 1). It is due to
spatial variations of the thickness related to the vibration
of the membrane. The fringes form concentric ellipses
showing that the ﬁlm has become thicker at the antinodes.
By counting the fringes, we estimate the ﬁlm thickness to
vary from about 0.2 mm near the frame and at the nodes
to more than 200 mm at antinodes.
If the ﬁlm behaved as a constant density solid mem-
brane, the transverse displacement z for the eigenmodes
would be
z ­ A sinfnpsxyL 1 1y2dg sinfmps yyW 1 1y2dg
3 sinsvnmtd ,
where 2Ly2 # x # Ly2, 2Wy2 # y # Wy2. The
complete eigenfrequencies spectrum vnm would be
given by
vnm ­ p
s
2s
rep
s
n2
L2
1
m2
W2
. (1)
where ep is the effective thickness of the membrane (taking
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FIG. 1. The interference patterns observed on the soap ﬁlms at increasing frequencies and the theoretical longitudinal cross
section obtained from the model [Eq. (6)]. The interference fringes are the lines of equal thickness and mass is concentrated at the
antinodes. For a better visualization of fringes, the ﬁlms used for the photographs were drained to be thinner than usual. In the
theoretical cross sections, the thickness is magniﬁed. (a) Mode 1 at 21 Hz and corresponding theoretical shape at vyv1 ­ 0.99.
(b) Mode 2 at 26 Hz and the theoretical proﬁle at vyv1 ­ 2 (note that when the forcing is homogeneous there is only one central
antinode). (c) Mode 3 at 30 Hz and the theoretical proﬁle at vyv1 ­ 2.99. (d) Mode 4 at 33 Hz and the predicted proﬁle at
vyv1 ­ 4 (with a homogeneous forcing there are two antinodes). (e) Mode 5 at 38 Hz and the theoretical proﬁle at vyv1 ­ 3.99.
into account the inertia of the air moving with the ﬁlm),
r is the density of the intersticial ﬂuid, and s is the
surface tension of one side of the ﬁlm. When forced into
vibration [1], the amplitude of response would be very
small unless the forcing frequency was close to a natural
frequency vnm.
Actually, the soap ﬁlm has a large amplitude of oscil-
lations for all forcing frequencies except below all natural
frequencies vnm s f , 15 Hzd where there is hardly any
vibration. The aspect of the soap ﬁlm at increasing forc-
ing frequencies is shown in Fig. 1. For 16 # f # 23 Hz,
the ﬁlm organizes and concentric elliptical fringes form,
surrounding a single central antinode [Fig. 1(a)]. The sys-
tem is in its fundamental mode. For larger frequencies
24 # f # 28 Hz, though there is still one antinode, the
fringes tend to become more circular in the central part
of the ﬁlm [Fig. 1(b)], and the extremities do not vibrate.
Starting at about 28 Hz there is a ﬂow by which some of
the mass is transferred from the central region towards the
extremities so that two new sets of elliptical fringes ap-
pear symmetrically with respect to the central one. This
state with three antinodes [Fig. 1(c)] is observed in the
range 28–31 Hz, with more and more mass being trans-
ferred from the central antinode to the lateral ones. Ulti-
mately, only the two lateral antinodes remain [Fig. 1(d)]
in the range 32–36 Hz. The process repeats itself when
new antinodes appear in-between the existing antinodes
and between them and the frame, leading to a state with
ﬁve antinodes [Fig. 1(e)] in the range 37–39 Hz. This
evolution continues for frequencies up to about 55 Hz
where the pattern starts evolving in the transverse direc-
tion, leading at about 90 Hz to the formation of a two
dimensional pattern with staggered antinodes. We will
concentrate on the frequency range f , 55 Hz where
there is exactly half a wavelength in the frame’s width.
So, we will consider from now on that the median region
of the ﬁlm width has a 1D dynamics. This is a bold hypo-
thesis, but it permits a complete treatment of the problem.
The sequence 1, 1, 3, 2, 5, 3, 7, . . . , 2p 2 1, 2py2,
2p 1 1, . . . , for the numbers of antinodes appears in
contradiction with the usual situation in 1D vibrating
systems where the number of antinodes is 1, 2, . . . ,
p, p 1 1, . . . . This is due to the speciﬁcity of the
homogeneous forcing discussed for strings in Morse
[12]. The usual even eigenmodes have a shape which is
antisymmetrical with respect to the middle of the system
3848
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while the forcing is symmetrical. For this reason they are
not excited. When forced at v ­ 2pf, the shape of the
ﬁlm is
zsx, td ­ A
√
cosfspvyv1d sxyLdg
cosspvy2v1d
2 1
!
sinvt . (2)
Here z is the vertical displacement of the ﬁlm at a position
x (with 2Ly2 , x , Ly2). A is a typical displacement
proportional to the forcing and v1 is the fundamental
frequency. The proﬁles given by Eq. (2) when vyv1 is
in the vicinity of an integer n are of the type displayed
in Fig. 1 (for vyv1 ­ 0.99, 2, 2.99, 4, and 4.99). When
vyv1 is close to an odd integer n there are n antinodes.
When it is close to an even integer there are only
ny2 antinodes. This explains the observed sequence of
numbers of antinodes for our system.
In the case discussed by Morse the amplitude of
vibration given by (2) diverges in the vicinity of the
odd modes which are the only resonances. For the other
frequencies, including when vyv1 is an even integer, the
amplitude is very small. What is observed here with ﬂuid
ﬁlms is different: The amplitude is large in all cases
(Fig. 2). The vibration amplitude varies by only about
a factor 4 (from 0.5 to 2 mm) in a wide frequency range
(20–55 Hz). A resonancelike behavior remains, however,
for the odd modes. The amplitude versus frequency curve
(Fig. 2) exhibits weak peaks at frequencies located within
the range of observation of each odd mode. A jump of
p of the phase of the motion relative to the phase of the
forcing is observed at these peaks. The width of these
phase jumps shows the quality factor to be Q , 20.
We can now measure the wavelength as a function of
frequency. We deﬁne it as the mean distance between
two neighboring antinodes for the even modes and as
twice this distance in the odd modes. The dispersion
FIG. 2. Experimental amplitude of vibration versus the forc-
ing frequency. The dotted lines mark the frequency of tran-
sition between two modes. Inset: Theoretical adimensional
amplitude versus adimensional frequency. In the two cases the
amplitude remains large at most frequencies.
curve (Fig. 3) shows small steps at frequencies f ­ 27.5,
31.5, 36.5, 39.5, 44.5, and 49.5 Hz accounting for a
local fast variation of the wavelength. These frequencies
are the extremities of the intervals where a given mode
is observed. The vibrating ﬁlm adapts to the forcing
frequency: As long as the mass distribution can adjust to
the forcing, the wavelength changes smoothly. When the
mass distribution is too constrained to follow the forcing,
there is a jump in the wavelength and a change of mode.
This effect is not included in the model presented below
as we implicitly assume that the mass concentration at an
antinode is not too large. In the experiment, a drop may
form at each antinode. We will model this elsewhere [13].
We now write the equations for the deﬂection zsxd from
equilibrium and for the ﬁlm thickness esxd. For the sake
of simplicity, our model is only 1D. The wave equation
reads
re≠ttz ­ 2≠xss≠xzd 1 F sinsvtd . (3)
F is the forcing. The experiment shows that damping
is small [14]. We will look for periodic solutions
z ­ Z sinsvtd. We can estimate using Eq. (5) s≠xs≠xzdy
ss≠xxzd , svZyv0Ld
2
ø 1, so that ≠xss≠xzd ,
s≠xxz. The wave equation becomes
2rev2Z ­ 2s≠xxZ 1 F . (4)
In the tangent plane, two forces are acting on the ﬁlm.
The projection of the local acceleration on the tangent
s≠ttz≠xzd gives a centrifugal force of temporal mean
rv2eZ≠xZ. It accounts for the mass concentration at
antinodes. The restoring force comes from the varia-
tions of surface tension with thickness. This effect is
known as Marangoni or Gibbs elasticity of soap ﬁlms
[15]. It is due to the thermodynamical equilibrium be-
tween soap molecules in the bulk and at the interface.
From Ref. [15], we take the force acting against thickness
FIG. 3. The experimental wavelength versus the forcing fre-
quency. At the transition frequencies shown by dotted lines,
the curve has small steps showing a local faster evolution of l.
3849
VOLUME 82, NUMBER 19 P HY S I CA L REV I EW LE T T ER S 10 MAY 1999
variations to be ≠xs ­ 2E≠xeye, where E is the elas-
ticity coefﬁcient of the ﬁlm sE ø 0.15 Nymd. We obtain
the equation for the equilibrium in the ﬁlm plane,
2
E
e
≠xe 1 rv
2eZ≠xZ ­ 0 . (5)
The set (4)-(5) is integrable analytically. Equation (5)
gives the thickness e ­ EysB 2 1
2
rv2Z2d, where B is
a constant determined through mass conservation. The
general solution reads
x ­ ´
Z r
s
E lns1 2 rv2Z2y2Bd 2 FZ 1 A
dZ . (6)
The constants ´ ­ sgns≠xZd and A result from the bound-
ary conditions Zs2Ly2d ­ Zsly2d ­ 0. Using the ex-
perimental value F ø 0.15 Nym2, we recover both a
thickness and an amplitude frequency dependence simi-
lar to the experimental ones. The mass concentrates at
the antinodes (Fig. 1) and adjusts with the forcing fre-
quency. This adaptation allows the amplitude to remain
large (Fig. 2, inset) in a wide range of frequencies. The
theoretical curve of the Fig. 2 inset also exhibits weak
peaks with phase jumps corresponding to resonances. The
qualitative agreement shows that the self-adaptive behav-
ior can be explained only by the spatial variations of
thickness. In the experiment, the ﬁrst and second peaks
are weaker than expected, probably because of damping
by air friction.
As a conclusion, we have shown that the ﬂuidity of
soap ﬁlms gives them a behavior very different from
solid membranes. The liquid ﬁlm can adapt its mass
distribution to the forcing frequency. This adaptation
is smooth within the interval of a mode existence and
fast at the interval extremities. These transitions, as well
as the phase jumps at the resonance, occur through the
coupling between the vibration and Marangoni waves.
These waves were already shown to be important in the
vorticity generation [5,6]. The study of this coupling
is beyond the scope of the present Letter and will be
developed elsewhere [13].
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